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In this paper we present certain applications of the topological degree 
theory in locally convex linear topological spaces. As a result we obtain 
two generalizations of the Krasnosielski-Perov-Rabinovitz theorem on the 
characterization of sets of solutions of functional equations, known for the 
Banach space case, onto the case of a locally convex space. On the other 
hand we make use of such consequences of the degree theory as the Borsuk 
theorem and Browder domain invariance theorem in order to reach a 
certain generalization of the Lasota-Opial covering theorem and a new 
theorem on the characterization of sets of solutions of functional equations. 
At the end we apply the abstract topological theorems to study the 
structure of sets of solutions of a certain integral equation and the Darboux 
problem for a hyperbolic equation in an unbounded domain. A general 
assumption is that the kernel of the integral equation and the right-hand 
side of the hyperbolic equation satisfy the Caratheodory conditions. 
1. PRELIMINARIES 
Let X denote a metric space. X is a compact absolute retract (XE &S?) 
if X is compact and, for every homeomorphism f: X+ f (X) into a metric 
space Y, f(X) is a retract of Y. It follows from the Dugundji extension 
theorem that every compact and convex subset of a metrizable locally 
convex space is a compact absolute retract. A c X is an %$-set in the 
space X if A = n ,“= 1 A, for a decreasing sequence (A,} of compact 
absolute retracts contained in X. 
(1.1) THEOREM (Aronszajn Cl]). Suppose that A, A, (no N) are com- 
pact subsets of the space X. Zf A E A, and A, E &92 for every n E N, and the 
Hausdorff distance d(A,, A) --, 0 when n + a3, then A is an .%T6-set in X. 
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In what follows E denotes a real Frechet space (or in other words a B, 
space) and U c E an open subset of E. The topology of E is induced by a 
sequence of seminorms { qn : E + R + 1 IZ E N } which can be assumed to be 
nondecreasing: q,Jx) 6 q,, + 1(x) f or all n E N and x E E. Recall that the 
topology of E coincides with that of a complete metric space (E, d), where 
and d(x,, x) + 0 if and only if qn(xn - x) -+ 0 for any sequence (xn } c E. If 
Un= {xEElq&)<l) (nEf+J) 
then {EU,, 1 n E N, E >O} is a basis of convex and symmetric 
neighbourhoods of zero in the space E. Let us also note that 
(1.2) if A, A, E E (n E f+J) are closed sets such that A E A, for every n E N 
and d(A,, A) -+ 0 then for every neighbourhood of zero V there exists 
NEN such that A,EA+ Vfor all n>N. 
A continuous map F: X+ E is compact if F(X) is a relatively compact 
subset of E. If F: 0 + E is a compact map then the map f: 0 + E, f(x) = 
x -F(x) ( = (I- F)(x)) is a compact vector field in U. A topological degree 
deg(f, U, y) E Z is defined for a compact vector field f in U and y $f(aU) 
such that (see [6]) 
(1.3) des(f, u, Y) = 0 for Y $A@, 
(1.4) if H: [0, l] x O-* E is a compact homotopy connecting compact 
maps FO-y,, I;,--y,: D-+Esuch that 
then deg(Z-F,, U,yo)=deg(Z-FF,, U,Y,), 
(1.5) if y, and y, lie in the same component of the set EV(8U) then 
de&f, UT Y,) = deg(f, u, YA. 
Moreover the following domain invariance theorem holds. 
(1.6) THEOREM (Nagumo [6]). If f: D + E is an injectiue compact 
vector field then f(U) is an open set in E and for every y~f (U) 
deg(f, U, Y) = f 1. 
A map H: X-, a(E), where M!(E) is the family of all nonempty subsets of 
E, is upper semicontinuous (u.s.c.) if the graph of H is closed in Xx E. 
A (u.s.c.) map H: X + a!(E) is compact if the set H(X) is relatively compact 
in E. 
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2. RESULTS 
(2.1) DEFINITION. Let f : 0 + E be a continuous map and {E,} a 
sequence of positive reals tending to zero. A sequence of continuous 
maps (f,, : B + El n E N } is an {&,)-approximation of the map f if 
qn(fn(x) -f(x)) d &?I for all n E N and x E 0. 
The following theorem is a generalization of the Krasnosielski-Perov- 
Rabinovitz theorem known for compact maps in Banach spaces [S]. 
(2.2) THEOREM. Suppose that F: D -+ E is a compact map satisfying the 
following conditions: 
(2.2.1) O$ (I- F)(cYU) and deg(Z- F, U, 0) ~0, 
(2.2.2) there exists a compact {&,)-approximation {F,,: 0 + El n E N } 
of F such that the equation x-F,,(x) = y has at most one solution for every 
nGN and yEE,u,. 
Then the set of fixed points Fix F is an !X6-set in E. 
(2.3) THEOREM. Zf F: E -+ E is a compact map and there exists a 
compact (&,)-approximation (F,,: E + E) n G N } of F such that the equation 
x - F,,(x) = y has at most one solution for every n E N and y E E, o,,, then 
Fix F is an 9&set in E. 
(2.4) DEFINITION. A continuous map F: E -+ E satisfies the Lasota- 
Opial condition iff there exist a convex and symmetric neighbourhood of 
zero 0 and a compact map H: 0 -+ H(E) such that 
(2.4.1) x E H(x) implies x = 0 for every x E a, 
(2.4.2) F(x) - F(y) E H(x - y) for every x, y E E such that x-y E 8. 
The next theorem is the Lasota-Opial theorem [4] generalized from the 
case of a Banach space to the case of a Frechet space. 
(2.5) THEOREM. Zf F: E + E satisfies the Lasota-Opial condition than 
the map (I- F) : E -+ E is a homeomorphism. 
(2.6) THEOREM. Zf F: E-+ E is a compact map and there exists an {E,,}- 
approximation {F, : E -+ E 1 n E N } of F such that F,, satisfies the Lasota- 
Opial condition for every n E N, then Fix F is an &?&-set in E. 
Let us accept the following denotations: iw, = [0, + co), A = R: 
(2 = 1, 2, 3, . ..). Z=RT (p=O, 1, 2, . ..) and for a>O: A”= [O,a]‘, 
Z” = [0, a]“. In applications we consider maps K: A x TX R” + If%’ (v E N) 
satisfying the following assumptions. 
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(2.7) Assumptions. 
(2.7.1) the map K(s, ., .): TX R” + R” is continuous for every SE A, 
(2.7.2) the map K( ., t, x): A --t R” is Lebesque measurable for every 
(t, X)EI-X R’, 
(2.7.3) there exist locally integrable functions p, c: A -+ R, such that 
I K(s, t, x)1 <p(s)lxl + c(s) for all (s, t, x) E A x TX R”. 
We say that a map IV: A + R” given by the formula w(s) = 
(w,(s), . . . . w,(s)) is absolutely continuous if wi: A” -+ IR is an absolutely 
continuous function for every a > 0 and i = 1, . . . . v. 
(2.8) THEOREM. Suppose that a map K: A x R’-+ R” satisfies the 
assumptions (2.7), where ,I = 2 and ,u = 0, and g, h : R + + t%” are absolutely 
continuous maps such that g(0) = h(0). Then the set of all solutions of the 
Darboux problem 
u.,,(x, Y) = K(x, Y, 4x, y)), fbr aa. (x, y) E A, 
40, Y) = g(y), 4x, 0) = h(x), for x,y~R+ CD) 
u : A + R” is an absolutely continuous map, 
is an g6-set in the space of continuous maps (g(A, IL!‘), {q,, 1 n E N } ), where 
qn(~)=~~~{I~(~,y)ll(x,y)~A”}. 
(2.9) THEOREM. If a map K: IF! + x R,. x R” + R” satisfies the assump- 
tions (2.7), where A= u = 1, then the set of all continuous solutions of the 
integral equation 
x(t)=l’K(s,t,x(s))ds (1) 
0 
is an %$-set in the space (@?(R+, [WY), {qJnEN()), where q,,(x)= 
~w~I-d~)llt~CO,nl). 
3. AUXILIARY LEMMAS 
(3.1) LEMMA. Suppose that a continuous map f: U -+ E satis$es the 
following conditions: 
(3.1.1) every sequence {xn} such that f (x,) -+ 0 contains a convergent 
subsequence ( Palais-Smale condition), 
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(3.1.2) there exists an {&,)-approximation if,,: O-+Eln~ll} off 
such that the map 
7n:f ,‘WJ + En on, n-4 =.fd) 
is a homeomorphism for every n E N. Then ,f -l(O) is an ~4%set in E. 
Proof For every n E N there exists, by (3.1.2) x, E E such that 
.L(xJ = 0. We have qkfh)) = qkf(x,J -L(x,J) 6 6, and so .f(xJ + 0. 
We can assume, passing if necessary to a suitable subsequence, that x, + x. 
By the continuity of A f(x) = 0; hence f ‘(0) # 0. Moreover the con- 
tinuity offand (3.1.1) imply compactness off-‘(O). 
Let us note that fP ‘(0) cf; ‘(E,, D,) for every n E N. We show that the 
sequence of sets {f;‘(s, a,)} converges to f- ‘(0) in the sense of Hausdorff 
metric. Suppose the contrary. By virtue of (1.2) there exists a neighbour- 
hood of zero V, an increasing sequence of positive integers {n,}, and a 
sequence {xnk) G E such that xnk E&‘(E,, D,,) and x,,~ $fP ‘(0) + I/ for 
every k E N. We have 
qnA.fhJ) 6 4nk(f(xq.) -fq(xq)) + qn,Kf&,,H) d 2&,, 
for every k E N ; hence f(x,,) --f 0 and we can assume that xnk + x. By the 
continuity of f, x~f-l(O), and so xnk $ x + V for every kE N, which is 
impossible since x,, + x. 
For all n E N the inclusions 
hold. For every n E N the set E6iiVfn(f‘-1(0)) is compact and convex; 
hence it is a compact abslute retract as well as its homeomorphic 
image T;‘(mf,(fP’(0))). Moreover, the sequence of sets 
w@=f,(f-‘(0)))~ converges, along with {f;i(s, D,,)}, to f--‘(O) in 
the sense of Hausdorff metric. By virtue of the Aronszajn theorem ( 1.1) 
f-‘(O) is an g6-set in E. 1 
In the proofs of Theorems (2.8) and (2.9) we use the following 
approximation lemma. 
(3.2) LEMMA. Let us assume that K: A x TX R” -+ R” satisfies the 
assumptions (2.7) and 
(3.2.1) there exists a locally integrable function c( : A -+ R + such that 
supp KEG?,, where supp K=K-‘(R”\(O)) and Q,= {(s, t, X)EA xTx iw”I 
1x1 G4s)). 
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Then for every E > 0 and a > 0 there exists a map R: A x r x F%” + R” which 
satisfies (2.7), (3.2.1), and the following two conditions: 
(3.2.2) there exists an integrable function cp: A” + [w + such that 
IK(s,t,x)-K(s,t,x)J<q(s) for all (s,t,x)~A”xT~xR” and ldUq(s)ds<E, 
(3.2.3) there exists a locally integrable function L: A + R, such that 
I@(s, t, x) - I?(s, t, x’)l < L(s)lx - x’l for all s E A, t E r, and x, x’ E R”. 
Proof: For every 6>0 we define a map K,:Ax~x~“-+~~, 
Kds, t, xl = j- K(s, t, x - by) $(y) dy, R” 
where $: R” -+ R, is a smooth test function: supp r+Q = B,(l) (B,,(r) = 
{x~R”I(x~~r}), sRP$(x)dx=l. Th e map K6 satisfies (2.7), (3.2.1), and 
(3.2.3) (with some functions pa, cs, a,, and La) for every 6 > 0. 
Let E > 0 and a > 0 be arbitrarily chosen. We define a set 
&= {~~AV’~.i-~Yx,x~~w Ix-x’I<l/m*IK(s,t,x)-K(s,t,x’)I <&/2a”} 
for every m E N. Since the maps K( ., t, x) ((t, x) E Z x R”) are measurable 
and the maps K(s,., .) (s E A) are continuous, S, is measurable for m E N. 
Moreover S, c S,,, + r for m E N and, since the map K(s, ., .) is uniformly 
continuous on Z“ x R” for every s E A”, U ,“=, S, = A”. Hence there exists 
m’ E N such that 
s (P(S) 4s) + c(s)) ds < 42, &II 
where Z,,,, = A”\S,, . 
Let us choose 6 = l/m’ and define R: A x TX R” + R”, 
K(s, t, x) = 0, 
(s, t, X) E z,, x r x w, 
K&, t, x), (s, t, x) E (A\Z,,) x rx R’. 
The map a satisfies (2.7), (3.2.1), and (3.2.3) just as K, does. Moreover R 
satisfies condition (3.2.2) with the function cp: A” + R, , 
v(s) = 
i 
P(S) a(s) + c(s), SEZ,, 
Ej2a”, SE&+. 1 
4. PROOFS OF THEOREMS 
(4.1) Proof of Theorem (2.2). We check that the maps f = I- F and 
f, = I- F, (n E N ) satisfy the assumptions of lemma (3.1). The map f is a 
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compact vector field; hence it satisfies the Palais-Smale condition (3.1.1). 
Moreover f is a closed map; hence (26, D,) nf(aU) = Qr for sufficiently 
large n E N. Then, for every y E E, O,, the homotopy 
H,,, : [0, 1 ] x u + E, H,Jf, x) = t 1 - 1) F(x) + ftFn(x) -Y) 
is compact and does not have fixed points on dU. Thus, by (1.4), for every 
YEE,,~,, deg(f,, U, y)=deg(f, U,O)#O, and by (1.3), y~f,(U). By virtue 
of (2.2.2),~~T,:f,-‘(&,U,) + E, Df, is a one-to-one compact vector field; hence 
it is a homeomorphism. 
The thesis follows now from Lemma (3.1). 1 
(4.2) Proqf of Theorem (2.3). The compact homotopy 
H:[O,l]xE+E, H( t, x) = tF(x), 
connects F with the zero map. Hence deg(l- F, E, 0) = deg(Z, E, 0) = 1, 
and the assumptions of Theorem (4.1) are fullfilled. 1 
(4.3) Proof of Theorem (2.5). Let J‘=l- F. From (2.4.1) and (2.4.2) it 
follows that the map f 1 CX + Cl,Z) 8J is injective for every x E E. Moreover if 
f(xl) =f(xz) then (x, + i8) n (x2 + $) = 0. 
We show that there exists a neighbourhood of zero V such that 
(f(x) + V) nf(x + i&Jo) = 0 for every XE E. Suppose, on the contrary, 
that there exist sequences (xn >, ( y, f E E such that y, E x, + $X9 (n E IV) 
and f(x,)-f(yn) +O. For every HEN we have x,- y,eCO, so that 
F(x,) - F( y,) E H(x, - y,). By the compactness of H we can assume that 
F(x,,) - F( y,) + z; hence x,, - yn + z and z E #J _c 0. Since the graph of H 
is closed z E H(z), z = 0, which contradicts that z E 4 a@. Let us note that we 
can assume V to be convex and symmetric. 
For every x E E the map FI (\-+ ,,2J F2) is compact since F(x + ia) E 
F(x) + H(@ Thus .fl~.~+~~,~~~~ is an injective compact vector field and by 
the Nagumo theorem (1.6) deg(f, x+ $,f(x)) #O. Since f(x)+ V is a 
connected set and (f(x)+ V) nf(x+ i 80,) = 0 we have, by (1.5), 
deg(f, x + 40, y) = deg(f, x + $9, f(x)) # 0 for every y of + V. Hence, 
by (1.3), f(x) + V_cf(x + $) for every x E E. 
It easily follows from the above inclusion thatf(E) is open andf(E) = E. 
Moreover the map f: E + E is a covering, since for every y E E, y + I/ is a 
well covered neighbourhood. Actually, y + V= U {OX )x of- l(y)} where 
the sets CoY=fpl(y+ V)n(x+$O), x~f-‘(y) are disjoint one with 
another and are mapped by f homeomorphically onto y + V. The space E 
is simply connected; thus the coveringf is a homeomorphism. 1 
(4.4) Proof of Theorem (2.6). Theorem (2.6) follows now from 
Theorem (2.5) and Lemma (3.1). 1 
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(4.5) Proof of Theorem (2.8). The set of solutions of the problem (D) 
coincides with the set of solutions of the equation 
We show that for arbitrary locally integrable functions p, c: A -+ R, there 
exists a continuous function a: A -+ R, such that for every solution 
u: A --) R” of the problem (D) 
l~(x~ Y)I d 4-c Y), (A Y)EA, 
provided K satisfies the condition (2.7.3) with the functions p and c. 
Actually, if U: A + R” is a solution of (D) then 
14x, Y)I d IW)l+ Igb)l + Ih( + j-; 5,* 45, ~14 4 
+ J‘I 1.’ p(t, v)l45, VII 4 4, (x, Y) E A. 0 0 
Let g(x) = sup{ Ih(t;)I I t E CO, xl 1, g(y) = sw{Ig(v)l I rl E CO, ~11, and 
c”(x, y) =5(O) + z(x) +g(y) + J; JOy 45, v) &, 4. Then 
14~ y)l dc”(x, Y) + j; j;p(t, rl)lu(t, VII & 4, (x, ~1~4 
where 2: A + R + is a continuous nondecreasing function (i.e., if 0 d x G x’ 
and 0 < y < y’ then F(x, y) < F(x’, y’). Hence, by the Wendroff inequality 
PI, 
b(x~y)K~b~ybw j~j~a(69)lu(5,?)ld-4), (x, Y) E A, 
and it suffices to put a(x, y) equal to the right side of the above inequality. 
Let $: R” + [0, l] be a continuous function such that $(u) = 1 for 
u E B,(l) and 1,5(u) = 0 for u # B,(2). Let us define 
E: A x R’-+ R’, ~(X’Y,u)=ll,(a(x,yU)+l).K(x,Y,u). 
The map K satisfies (2.7) with the same functions p and c as K, and 
FIXED POINT SETS OF COMPACT MAPS IN & SPACES 159 
&x, y, U) = K(x, y, u), when 1 u 1 < CI(X, y). Hence the set of solutions of (D) 
coincides with the set of solutions of the problem 
uxy(x, VI = fax, y, 44 Y)), for a.a. (x, y) Ed, 
40, Y) = g(y), 4x9 0) = W), for x,y~R+ (fv 
u : d + R” is an absolutely continuous map. 
Moreover R satisfies the condition (3.2.1): supp RE Q,, where 
E(s) = 2cr(s) + 2. 
Let n E N be arbitrarily chosen and let E = l/n, a = n. By virtue of 
Lemma (3.2) there exists a map K,, : A x [w ” + R’ satisfying conditions (2.7), 
(3.2.1) (3.2.2), and (3.2.3) (with appropriate functions p,,, c,, c1,, L,: 
A+lQ+, and cpn:A”+R+). 
We define the following maps 
F: %?(A, R”) + %?(A, UP), 
F(u)@, y) = h(x) +g(y) - h(O) + jx j’ @t, r, 45, ~1) 4 dv 
0 0 
and 
F,, : %?(A, [WY) + %?(A, W), 
f’n(u)b, Y) = 0) +gb) - h(O) + jf j; J&(5, rl, u(t, II))& 4, 
(nfsfv). 
The maps F and F,, (n E N) are continuous. Actually, it suffices to show 
that F(uk) -+ F(u), when uk + u in %(A, R’). Let a>0 and no N be 
arbitrary and let us define 
S,= {(~,y)~d”lV~,~,~~, Iu-d < l/m 
* I&x,y, u)-&x,y, u’)l <E/2n2} (mEN). 
(S,) is a nondecreasing sequence of measurable sets and u,“=, S, = A”; 
hence there exists m’ E N such that 
I (At, v) a([, v) + c(tl, ~1) 4 dv <c/4. A”\& 
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Let us take k’ E N such that qn(uk - U) < l/m’ for all k > k’. Then for all 
k>k’ and (x,~)EA” 
+ I W(<,v) act, VI+ c(t, ~1) 4 4 <E; A”\&’ 
hence qn(F(uk) -F(U)) <E for k < k’. Thus q,(F(u,) - F(u)) + 0 when 
k + + co for arbitrary n E N. 
By the inequality 1 &x, y, U(X, y))J <p(x, y) 15(x, y) + c(x, y) for every 
u~V(d, R”), F(%(d, R’)) is a bounded set of equally continuous maps; 
hence the map F is compact. Further it is easily seen that {F,} is a f l/n >- 
approximation of F. 
We show that for every n E N the map F,, satisfies the Lasota-Opial 
condition with the set-valued map 
H,: %(A, R’) + %(%‘(A, [WY)), 
H,(u) = jX j’ A(<, II) dt dq 1 A: A + R” is measurable, 
0 0 
I&Y YN Q LAX, VII 4x, Y)I and 
The map H, is compact [7, Propositions (3.8) and (3.5)]. If u E H,(u) then 
and by the Wendroff inequality [Z] u(x, y) = 0 for all (x, y) E A. Moreover 
for all U, u E %‘(A, ET) 
FIXED POINT SETS OF COMPACT MAPS IN &, SPACES 161 
where 
for (5, u) E A, and so F,(U) - F,(u) E H,(u - u). 
By Theorem (2.6) Fix F is an g8-set in %?(A, R”). Since Fix F coincides 
with the set of solutions of (D), the proof is finished. 1 
(4.6) Proof of Theorem (2.9). Let x: R, -+ R’ be a continuous solution 
of Eq. (I). Then 
/ x(t)1 <J’ I K(s, t, x(s))1 ds G j’ 4s) ds + j-)4s)l x(s)l ds 
0 0 
for all t E R + and by the Gronwall inequality / x(r)1 < a(t) for ail t E R + , 
where a : R + -+ [w + is a continuous function given by 
a(t)= j’ ( Id ( oc s $w(i]:AW). 
Let IJ: R” + [O, l] be a continuous function such that ii/(x) = 1 for 
x E B,( 1) and +(x) = 0 for x $8,(2). Let us define 
ER+xR+xR’+iR’, R(s, t, x) = II/ 
( > 
--zL 
a(s) + 1 
K(s, t, x). 
The map R satisfies (2.7) with the same functions p and c as K, and 
@(s, t, x) = K(s, t, x), when Ix ( < a(s). Hence the set of continuous solu- 
tions of the equation 
x(t) = j-! @s, t, x(s)) ds m 
0 
coincides with the set of continuous solutions of (I). Moreover R satisfies 
(3.2.1): sup Rs52,, where a(s) = 2a(s) + 2. 
Let n E N be arbitrarily chosen and let E = l/n, a = n. By virtue of 
Lemma (3.2) there exists a map K,: R + x R, x R” + R” satisfying the 
conditions (2.7), (3.2.1), (3.2.2), and (3.2.3) (with appropriate functions 
pn,cn,an,L:R++R+, andcp,:CO,~l+~+). 
We show that the following formulae 
F(x)(t) = j’ &(s, t, x(s)) ds 
0 
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define compact maps F, F, : %( R + , R”) -+ ‘Gf?( R + , IL!“) (n E N ). 
First we show that F(%(R + , W)) is a set of equally continuous maps. 
Let n E N and E > 0 be arbitrary. There exists 6’ > 0 such that 
i 
(p(s) a(s) + c(s)) ds < .2/4 
Z 
for every measurable ZE [0, n] provided 1 ZI < 6’. If 
S, = (s E CO, nl I vzeRYIJr,2rE c*,~I I t- t’ I < l/m 
* 1 K((s, t,z) - R(s, t’, z)l < &/4n} (mENI 
then there exists m’ E N such that l[O, n]\Smr 1 < 6’. Let us take 
6 = min(6’, l/m’). Then for all t, t’ E [0, n] such that 0 < t - t’ < 6 and 
xEqR.3 [WY) we have 
I f’(x)(t) - F(x)(f)l 
< jr ( R((s, t, x(s)) - I&Y, t’, x(s))1 ds + j,; I &, t’, x(s))1 ds 
0 
6js (Gnlds+( 2M3) a(s) + c(s)) ds 
m CO.nl\.%, 
+ t(p(s)E(s)+c(~))d~<~. I 1’ 
We have shown that F($?(lR+ , R”)) is a set of equally continuous maps and 
in particular F(W(R+, R”))E%?(R+, R”). 
Since 
I &, t, x(s))1 <p(s) i(s) + c(s), 
for all (s, t) E R, x R, and x E %?(R+, R’), the set F(%?(R+ , R”)) is bounded 
in V(R+, R’); hence it is relatively compact. One can establish the con- 
tinuity of F just as in Proof (4.5). Thus we have shown compactness of F, 
and the proof for F, is the same. 
It is easily seen that {F,} is a ( l/n}-approximation of F. Let us note that 
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for every HEN and yEV(R+, IF!‘) the equation x -I;,(x) = y has at most 
one solution. Actually, if x1 - F,(x,) =x2 - Fn(x2) then 
Ix,(t)--x,(t)1 q; IK( s, t, x,(s)) - Kh, t, .+))I ds 
d 5 ’ L(s)l x,(s) - xz(s)I ds 0 
and by the Gronwall inequality xl(t) -x*(t) = 0 for all t E R + . 
We have shown that the map F satisfies the assumptions of 
Theorem (2.3); hence Fix F is an C&-set in %‘( R + , [WY) and so is the set of 
solutions of Eq. (I). 1 
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